We discuss generalizations of the BLM optimization procedure for renormgroup invariant quantities. In this respect, we discuss in detail the features and construction of the {β}-expansion presentation instead of the standard perturbative series with regards to the Adler D-function and Bjorken polarized sum rules obtained in order of O(α 4 s ). Based on the {β}-expansion we analyse different schemes of optimization, including the corrected Principle of Maximal Conformality, numerically illustrating their results. We suggest our scheme for the series optimization and apply it to both the above quantities.
INTRODUCTION
The problem of scale-scheme dependence ambiguities in the renormalization-group (RG) calculations [1] remains important. In the past few years, a new extension of the BLM scalefixing approach [2] , called the Principle of Maximal Conformality (PMC), was started [3] and formulated in more detail in [4] [5] [6] [7] with a variety of applications to phenomenologically oriented studies.
Here we show that the PMC approach is closely related to the seBLM (sequential BLM) method, originally proposed in [8] for the analysis of the NNLO QCD prediction for the quantities like e + e − -annihilation R-ratio. This method was based on the renormalizationgroup (RG) inspired presentation of the {β}-expansion for perturbative series, the one later used for other purposes in [9, 10] . The seBLM was constructed as a generalization of the works devoted to the extension of the BLM MS-type scale fixing prescription to the level of NNLO QCD corrections [11, 12] and beyond [13] [14] [15] [16] .
In this paper, we will use the {β}-expansion presentation and the seBLM method to study the e + e − -annihilation R-ratio, the related Adler function D EM of the electromagnetic quark currents and the Bjorken sum rule S Bjp of the polarized lepton-nucleon deep-inelastic scattering (DIS). We will clarify the concrete theoretical shortcomings of the PMC QCD studies performed in a number of works on the subject and, in particular, in [4] [5] [6] [7] and will present the results for the corrected PMC approach.
Certain problems of the misuse of the PMC approach to the Adler function were already emphasized in [17] but not recognized in the recently published work [7] . We will clarify these theoretical problems in more detail and consider the existing modification of the NNLO PMC analysis, based on application of the seBLM method, which allows one to reproduce the original NLO BLM expression from the considerations performed in [7] and already discussed in [17] . Note that the necessity of introducing modifications to the analysis of [7] starts to manifest itself from the level of taking into account the second order perturbative corrections to the R-ratio evaluated analytically in [18] in the MS-scheme proposed in [19] . This result was also obtained numerically in [20] and confirmed analytically in [21] by using the MS-scheme of [22] . At the level of the third order corrections to D EM , analytically calculated in the MS-scheme [23, 24] and confirmed in the independent work [25] , there appear additional differences between the results of the PMC and the seBLM methods.
We present several arguments in favour of theoretical and phenomenological applications of the proposed in [8] and applied in [9] form of the β-expanded expressions for the RGI quantities 1 . In this respect, let us mention the QCD generalization (in MS-scheme) of the Crewther relation [27] based on the {β}-expansion [9] . Using the results of these relations we obtain in a self-consistent way the NNLO {β}-expansion for S Bjp (Q 2 ) in QCD with ng-numbers of gluinos, which can be checked by direct analytical calculations.
The article is organized as follows. In Sec. 2, we define single-scale RG invariant quantities for the e + e − -annihilation to hadrons and for the DIS inclusive processes, which will be studied in this work. The existing theoretical relations between perturbative expressions for these characteristics are also summarized. In Sec. 3, the {β}-expansion of the RGI quantities, proposed in [8] and applied in [9, 10] , is reminded and discussed in detail. Using 1 Note, that the {β}-expansion representation is related in part to the considered in [26] expansion of the perturbative terms in the RG invariant (RGI) Green functions through the powers of the first coefficient of the β-function the results of [8] and the "multiple power β-function" QCD expression [9] for the MS-scheme generalization of the Crewther relation [27] we provide the arguments that this expansion is unique. The details of constructing the {β}-expansions for the Adler D EM function and for the S Bjp sum rule are described at the level of the O(a 3 s )-corrections, where a s = α s /(4π). In Sec. 4 1, we consider the relations between certain terms of the {β}-expansion for D EM and S Bjp , which will be obtained from the Crewther relation of [27] and its QCD generalization of [9] , and present the concrete {β}-expanded contributions to the D EM function, R-ratio and the S Bjp sum rule. Using our definition of the {β}-expansion representation we correct the values of the PMC coefficients and the scales in the related powers of the PMC perturbative expressions for the Adler function D EM and R e + e − -ratio, presented in [4] [5] [6] [7] , and discuss their correspondence to the results obtained in [8, 9, 17] . The discussion of the results of the BLM, seBLM, PMC procedures together with the numerical estimates of the corresponding PT coefficients and the couplings at new normalization scales are presented in Sec. 5. It is demonstrated that in spite of its theoretical prominence following from the conformal symmetry relations even the corrected PMC procedure does not improve the convergence of perturbative series for the R-ratio and for the S Bjp sum rule. The methods of further optimizations of these series, which are based on the {β}-expansion, are elaborated in Sec. 6 . The technical results are presented in the appendices.
DEFINITIONS OF THE BASIC QUANTITIES

Consider first the Adler function
, which is expressed through the two-point correlator of the electromagnetic vector currents j
Here q i stands for the electric charge of the quark field ψ i . D EM (Q 2 ) consists of the sum of its nonsinglet (NS) and singlet (S) parts
where
Here d R is the dimension of the Lie algebra related to the SU(N c ) group (in the fundamental representation d R = N c ) and d abc is the symmetric tensor of this algebra. Both the NS and S contributions to the Adler-function are the RGI quantities calculable in the Euclidean domain. After applying the RG equation they can be represented as 
where β 0 = (11/3C A − (4/3)T R n f ) while other coefficients β i are presented in Appendix A. The quantity related to the observable total cross-section of the e + e → hadrons process R e + e − (s) = σ(e + e − → hadrons)/σ(e + e − → µ + µ − ) is measured in the Minkowski region (s > 0); this can be obtained from the D EM -function as
The coefficients r a m for the a part (a = NS or S) of R e + e − are associated with the coefficients d The next observable RGI quantity, we will be interested in, is the Bjorken polarized sum rule S Bjp . It is defined by the integral over the difference of the spin-dependent structure functions of the polarized lepton-neutron and lepton-neutron deep-inelastic scattering as 5) where g A is the nucleon axial charge as measured in the neutron β-decay, and C Bjp (a s ) is coefficient function calculable within perturbation theory and not damped by the inverse powers of Q 2 , i.e., the leading twist term. The application of the operator-product expansion (OPE) method in the MS-like scheme [28] and the knowledge on the perturbative structure of the MS-scheme QCD generalization of the quark-parton model Crewther relation [27] gained from articles in [29] [30] [31] [32] [33] [34] [35] indicate the existence of the previously undiscussed singlet contribution to C Bjp (a s ) [36] . Using the results of this work we define the overall perturbative expression for C Bjp as
where the NS and S coefficient functions can be written down as 8) and have the following RG-improved form
The analytical expressions for the NLO and NNLO corrections to Eq.(2.9a) in the MS-scheme were evaluated in [37] and [38] , respectively, while the corresponding N 3 LO O(a 4 s )-correction was calculated in [33] (its direct analytical form was also presented in [9] ). The symbolic expression for the coefficient c [36] from the MS-scheme generalization of the Crewther relation, which will be presented below.
Let us also consider the Gross-Llewellyn Smith (GLS) sum rule of the deep-inelastic neutrino-nucleon scattering. Its leading twist perturbative QCD expression can be defined as
is the structure functions of the deep-inelastic neutrino-nucleon scattering process. The coefficient function in the RHS of Eq.(2.10) also contains both NS and S contributions, namely
As a consequence of the chiral invariance, which can be restored in the dimensional regularization [39] by means of additional finite renormalizations ( for their consequent evaliation in high-loop orders see, e.g., [37, 38, 40, 41] ), the NS contributions to the leading twist coefficient function of S GLS (Q 2 ) coincide with a similar NS perturbative contribution S Bjp (Q 2 ), namely
The fulfilment of this identity was explicitly demonstrated in the existing analytical NLO and NNLO calculations in [37, 38] and used as the input in the process of determination of the analytical expression for the O(a 4 s ) corrections to S GLS (Q 2 ) [34] . The second (singlet-type) contribution to the coefficient function of Eq.(2.11) has the following form:
wherec 3 andc 4 were evaluated analytically in [38] and [34] , respectively. The application of the OPE approach to the three-point functions of axial-vector-vector currents (see [30-32, 35, 36] ) leads to the following MS-scheme QCD generalization of the Crewther relation (CR) between the introduced above different coefficient functions of the annihilation and deep-inelastic scattering processes:
where 1l was derived in [27] using the conformal symmetry, β(a s ) is the RG β-funtion, a s = a s (Q 2 ) and the polynomial P is
It contains the coefficients K 1 and K 2 , obtained in [29] , while the analytical expression for the coefficient
is the sum of the NS-and S-terms, which are given in [33] and [34] , respectively. Note that Eq.(2.14a) was first published in [35] without taking into account singlet-type contributions to C Bjp . Their more careful analysis of [36] fixes the β 0 -dependent analytical expression of the O(a
The result of [36] and the general Eq. (2.14a) is not yet confirmed by direct analytical calculations. We will use there the product of their NS parts and the result of expansion in Eq.(2.14b), [9] , related to them in our further studies.
GENERAL β-EXPANSION STRUCTURE OF OBSERVABLES
Formulation of the approach
To clarify the main ideas of the {β}-expansion representation proposed in [8] for the perturbative coefficients of the RGI quantities, let us consider the NS part of the Adler function. Its expression can be rewritten as
F is the overall normalization factor. Within the {β}-expansion approach the coefficients d n , originally fixed in the MS-scheme, are expressed as i multipliers. These elements coincide with expressions for the coefficients d n in the imaginary situation of the nullified QCD β-function in all orders of perturbation theory. This case corresponds to the effective restoration of the conformal symmetry limit of the bare SU(N c ) model in the case when all normalizations are not considered. This limit, extensively discussed in [17] , will be considered here as a technical trick.
The first elements d i [i−1] of the expansions of Eqs.(3.1b-3.1e) arise from the diagrams with a maximum number of the "fermion 1-loop bubble" insertions and applications of the Naive Non-Abelization (NNA) approximation [43] ). In the case of D NS -function they can be obtained from the result in [29] , which follow from renormalon-type calculations in [44, 45] .
It would be stressed that the terms
were not taken into account in the variant of the {β}-expansion method used in [4] [5] [6] . The omitting of these terms leads to the results, which should be corrected by including these terms in the self-consistent variant of the PMC analysis.
In high order of perturbation theory one should also consider a similar expression of the singlet part
s with the normalization factor d S 3 = 11/3 − 8ζ 3 evaluated first in the QED work [46] , and the related normalizations of the defined coefficients in Eq.(2.13), namelyd
The {β}-expanded coefficients of this RGI-invariant quantity are expressed asd
The same ordering in the β-function coefficients can be applied to the coefficients c n for the NS coefficient function of the deep-inelastic sum rules C NS of Eq.(2.12) and to the singlet contribution C S to the GLS sum rule (see Eq. (2.13). Moreover, it is possible to show that the elements of the corresponding {β}-expansions d n [n 0 , n 1 , . . . ] and c n [n 0 , n 1 , . . . ] are closely related [9] . We will return to a more detailed discussion of this property a bit later.
The above {β}-expansion can be interpreted as a "matrix" representation for the RGI quantities: For the quantity D NS expanded up to an order of N,
Here B (i) are the elements that express the structure of {β}-expanded perturbative coefficients and are convolved with the matrix elements
In the case of consideration of the "refined" β i -independent corrections d n [0] ≡ D n0 and B (0) = 1. The similar matrix representation can be written down for the singlet part D S with the {β}-expanded coefficient defined in Eqs.(3.2a-3.2c). Note that the matrix representation contains new dynamical information about the RGI invariant quantities, which is not contained in the vector one. Thus, Eqs. (3.1b),(3.2b) can be considered as the initial points to apply the standard BLM procedure. The generalization of the BLM procedure to higher orders can be constructed using the {β}-expansions of higher order coefficients of Eqs. (3.1) [8] . However, starting with the NNLO the explicit solution of this problem is nontrivial.
Explicit determination of the structures of the {β}-expanded series for D NS
Let us start the discussion of application of the {β}-expansion procedure in the NLO. Imagine that we deal with the perturbative quenched QCD (pqQCD) approximation for the D NS -function in the NLO. It is described by the contributions of the three-loop photon vacuum polarization diagrams with closed external loop, formed by quark-antiquark pair and connected by internal gluon propagators, which do not contain any internal quark-loop insertions. In this theoretical approximation the coefficient d 2 takes the following form:
In this case, it is unclear how to perform the standard BLM scale-fixing prescription in the NLO approximation. . To obtain explicitly the elements of the expansion (3.1b) and extract the β 0 -term in (3.3), one should take into account the quark-antiquark one-loop insertion in internal gluon lines of the three-loop approximation for the hadronic vacuum polarization function. This is equivalent to taking into account in the pqQCD model of an additional degree of freedom by means of introducing the interaction of internal gluons with n f number of active quarks. The corresponding parameter n f can be considered as a mark of the charge renormalization by the quark-antiquark pair. It enters into both d 2 and β 0 expressions and allows one to extract unambiguously the expression for d 2 proportional to the β 0 -term in the MS-scheme. Indeed, fixing
we obtain
To get the appropriate expression of the coefficient d 2 one should take into account the 1-loop renormalization of charge. As the result, we immediately obtain from Eq. (3.4) the following expression for the coefficient of Eq.(3.1b):
This decomposition corresponds to the case of the standard BLM consideration in the MSscheme [2] . Note that for n f = 0 this decomposition remains valid for the case of pqQCD (QCD at n f = 0) and leads to Eq.(3.5b). Any additional modifications of QCD, say, by means of introducing into considerations ng multiplets of strong interacting gluino (the element of the MSSM model), will change in the NLO expression for the considered RGI invariant quantity the content of the β 0 -coefficient in the expression for d 2 , calculated in the MS-scheme, but not the "refined" element and the coefficients at β 0 of Eq.(3.3). Using the result β 0 for the β-function with the ng multiplet of strong interacting gluino (see Eq. (A.1a)) and the D NS -function in the same model ( presented in Eq.(A.5b) of the Appendix A), the same result (3.5b) for decomposition can unambiguously be obtained using the additional marks in Eq.(3.5a), namely the number of strong-interacting gluinos ng. Indeed, combining the result
we get the expressions for d 2 [0] and d 2 [1] , which are identical to the ones presented in Eq.(3.5b). Note that these results can be obtained from Eq.(3.6a) and Eq.(3.6b) with gluino degrees of freedom only (ng = 0, n f = 0), or only with the quark ones (n f = 0, ng = 0), or with taking into account both of them. The reason of this unambiguity is that the interaction of any new particle accumulated here in the charge renormalization is determined by the universal gauge group SU(N c ). All these possibilities give us a simple tool to restore the β 0 -term in the NLO following the BLM precription [2] . Thus, in the NLO we may switch off the gluino degrees of freedom. However, to get the {β} expansion of the NNLO term in the form of Eq. (3.1c) we cannot use the quark degrees of freedom only. Indeed, in this case, we face a problem similar to that which arises in the process of {β} decomposition of the pqQCD expression for d
The {β}-expanded form for the d 3 -term was obtained in Ref. [8] by means of a careful consideration of the analytical O(a Let us consider this procedure in more detail. The element d 3 [2] , which is proportional to the maximum power β 2 0 in (3.1c), can be fixed in a straightforward way, using the results in [29] . Then one should separate the contributions of β 1 d 3 [0, 1] and of β 0 d 3 [1] to the d 3 -term. They both are linear in the number of quark flavours n f , therefore, they could not be disentangled directly. Their separation is possible if one takes into account additional degrees of freedom, e.g., the gluino contributions mentioned above for both the quantities (the additional mark appears), namely for the D NS -function from Eqs.(A.8c) and for the first two coefficients of the β-function from Eqs.(A.1a,A.1b). In this way, using two equations one can get the explicit form for the functions n f = n f (β 0 , β 1 ) and ng = ng(β 0 , β 1 ). Finally, substituting these functions in D = D(a s , n f (β 0 , β 1 ), ng(β 0 , β 1 )) its {β}-expanded expression was ontained in [8] , 
Note that in order to write down the O(a 4 s ) coefficient of D NS , analytically evaluated in the MS-scheme in [33] for the case of SU(N c ) in a similar {β}-expanded form of Eq.(3.1d), it is necessary to perform additional calculations, which generalize this result to the case of SU(N c ) with ng multiplets of gluinos. Then, one should combine this possible (but not yet existing) generalization with already available analytical expression for the β 2 (n f , ng)-coefficient of the β-function in this model, analytically obtained in the MS-scheme in [48] .
Does {β}-expansion have any ambiguities ?
It is instructive to discuss here an attempt [5, 7] to obtain the elements d n [. . .] in a different way. This is based on the expression for D, rewritten in [49] for the usability of current 5-loop computation in the form
s is the anomalous dimension of the photon field. In our notation Eq. (3.8) leads to the expansion for D NS ,
where the ingredients of the expansion, γ i , Π j , were calculated in [49] up to i = 4, j = 3, and we take corresponding NS projection in the RHS of Eq.(3.8). The renormalization of the charge certainly contributes to the 3-loop anomalous dimension γ 2 ; therefore, it contains a β 0 -term also (one can make sure from the inspection of the explicit formula for γ 2 in Eq. (3.12) in [49] ) and even in Eq.(10) in [20] . Taking into account the explicit form of γ 2 and Π 1 in (3.9) one can recalculate the well-known decomposition for
in full accordance with the result in [2] and Eq. (3.1b) (for the related discussions see Ref.
[17] as well).
Instead of that the authors of [7] claim, basing on a formal correspondence, that the coefficient of β 0 is only the term Π 1 /C F in Eq. (3.9) (with the above notation at d 1 normalized by unity), while the "conformal term" is 4γ 2 /C F (see Eq. (48a-b) in [2] ), which in reality is not true. The comparison of these terms
shows that they differ even in sign in (3.11), compare Π 1 /C F with d 2 [1] , which in its turn leads to a shift of the BLM scale Q . Moreover, we demonstrate in Eq.(3.12) that γ 2 is not "conformal" and depends on β 0 .
PARTIAL β-EXPANSION ELEMENTS FOR D, C AND R
Here we extend our knowledge about the β-expansion elements on NS part of the Bjorken C Bjp basing on CR Eq.(2.14b) for D NS and C Bjp NS .
What constraints Crewther relation gives
In the case when the β-function has identically zero coefficients β i = 0 for i ≥ 0 the generalized CR (2.14b) returns to its initial form [27] 
3 , (4.3a) or, in the other normalized terms,
It is useful to relate the unknown elements c 
Let us consider now the generalized CR in Eq.(2.14b), which includes the terms proportional to the conformal anomaly, β(a s )/a s , appearing due to violation of the the conformal symmetry in the renormalized SU(N c ) interaction (in the MS-scheme). As it was shown in [9] , this relation can be rewritten in the following multiple power representation:
where P n (a s ) are the polynomials in a s that can be expressed only in terms of the elements
In this sense P n do not depend on the β-function, all the charge renormalizations being accumulated by (β(a s )/a s ) n . Below we present the first two polynomials (factor out −c
which were obtained and verified in N 3 LO in [9, 10] in another normalization. The construction of the β-term in the RHS of (4.5) also creates constraints for combinations of the β-expansion elements. A few chains of these constraints were obtained in [9] . Further we shall use the relation
that corresponds to Eq.(30) in [9] . If the terms c 3 
which differs from the ones presented in Ref. [9] (see its "natural form" in the Appendix B), by the normalization factor only. It looks more convenient for a certain BLM task (the presentation corresponds to one in [8] ) due to setting of the first PT coefficient, d 1 (c 1 ), equal to 1. Let us emphasize that gluinos are used here as a pure technical device to reconstruct the β-function expansion of the perturbative coefficients. In this connection, we mention the relation [5] and based on a "special degeneracy of the coefficients" suggested there (see Eq. (6) 3) ). This rearrangement has an outside reason with respect to d i and "does not know" about the intrinsic structure of the initial coefficient d i under consideration. This relation is artificial and by this reason it is not supported by the direct calculations. The explicit result of this rearrangement is presented in Eq. (5.3) , it is the initial step for any BLM optimization procedure that will be discussed in Sec.5 in detail.
Let us compare now Eqs. (4.8) with the results presented in [7] and based on the interpretation of the term 48γ 3 + 3β 1 Π 1 + 24β 0 Π 2 a 3 s in the presentation of (3.9). The first and the third terms of the sum form the term proportional to β 2 0
that can be unambiguously obtained by extracting the n 2 f terms in γ 3 and the β 0 -term in Π 2 , see the corresponding explicit expressions in [49] . The second term there, β 1 Π 1 , certainly contributes to the value of the element d 3 [0, 1]. There are other terms, proportional to β 1 , in both the γ 3 and β 0 Π 2 terms that also contribute to d 3 [0, 1]. However, these required terms cannot be separated unambiguously from those terms that are proportional to β 0 . The final explicit expressions given in [49] are not sufficient for this separation, as it was already discussed in Subsec. 
This Casimir expansion of the rest should be equated to the β-expansion of the one (see decomposition (3.1)),
The C This confirms the fact that its β-expansion does not contain C 2 F . So we have 4 constraints (not 5) for the 3 coefficients c 3 [0, 1], x, y. This overdetermined system is nevertheless a system of simultaneous equations; the fact provides us with an independent confirmation of this β-expansion. The explicit form of the elements were first obtained in [9] ; below we present them at the same normalization as Eq. (4.8) (cf. (4.8e) with (4.10e)): 
from relation (4.7), the latter originates from another source -the symmetry breaking term proportional to β(a s ) in the generalized CR. Therefore, the results (4.10) are in mutual agreement with both the terms in the RHS of CR and can be obtained independently from each of them. These elements of decomposition in (4.10) allows one to make a new prediction for the light gluino contribution to C Bjp NS . Indeed, for the considered here RGI quantities the effects of charge renormalization appear in two ways: the elements c[...] -the coefficients of the β-function products (named B j in 3 1) -are formed following gauge interaction. While the effect of various degrees of freedom, say, gluino, which reveals itself only in intrinsic loops, changes the content of the β-coefficients β i with the corresponding mark, say, ng. Therefore, to obtain C Bjp → C Bjp (a s , n f , ng) with the light MSSM gluino one should replace the β-coefficients β i → β i (n f , ng) and compose them with the elements from Eq.(4.10), 
The singlet parts and the R-ratio
Here we present the singlet part of the Adler function, d 4 , that can be obtained based on the result for c 4 of C Bjp S and CR [34] , The integral transform D → R e + e − ,
can be realized as a linear relation by means of the matrix T ,
The triangular matrix T of the relation can be obtained at any fixed order of perturbative theory [50] . The elements of this matrix below the units on the diagonal contain so-called kinematic "π 2 -terms" multiplied by the β-function coefficients 4 , see an example of T ji in Appendix C. Taking into account that the β-structure of the normalized coefficients r i = r Table 1 , 
BLM AND PMC PROCEDURES AND THE RESULTS
1.
A general basis
The re-expansion of the running couplingā(t) = a(∆, a ′ ) and its powers in terms of t − t ′ = ∆ = ln (µ 2 /µ ′2 ) and new coupling a ′ reads,
which can be realized with the operator exp (−∆β(a)∂ a ) [. . .] | a=a ′ following to RG equations (see [8] and refs therein). The shift of the logarithmic scale ∆ in its turn can be expanded in perturbative series in powers of a ′ β 0
where the argument of the new coupling a ′ depends on t ′ = t − ∆. It is sufficient to take this renormalization scale for the a ′ argument, which corresponds to the solution on the previous step, rather than to solve the exact equation a (t − ∆(a ′ )) = a ′ . Re-expansion a in terms of a ′ leads to rearrangement of the series of perturbative expansion for the RGI quantity
, where the r.h.s. are expressed in a rather long but evident formulae. In the square brackets below we write their explicitly
The standard BLM fixes the scale ∆ 0 by the requirement ∆ 0 = d 2 [1] , accumulating 1-loop renormalization of charge just in this new scale [2] , at the same time the coefficient
The detailed analysis of the d ′ i structure was made in [8] in Sec.5. Here we mention a common property of this transform -to obtain the rearrangement of the coefficient at an order n + 1,
, one should know its β-structure up to the previous order n. For the partial case of relation
n the β n 0 -terms are canceled (underlined terms) in all the orders even due to the first BLM step. Correspondingly, the special conditions [1] will remove the next terms with the leading coefficient β i−2 in every order, see double underlined terms in Eqs. (5.5b,5.5c). The latter conditions were proposed in [5] (see the discussion in Sec.4 2 after Eq. (4.8)), though both of the above hypotheses are far from the results of the direct calculations at O(a 3 s ) in (4.8), really
Even more, in QCD the elements d n+1 [n] grow as n! due to renormalon contributions [29] and the role of these terms becomes more and more important. To construct the next steps of the PT-optimization with ∆ 1 , ∆ 2 , . . ., one should get more detailed knowledge or provide a hypothesis about the different contributions in d ′ n .
seBLM and PMC procedures
One of the hypotheses mentioned above is based on the empirical relation between the QCD β-function coefficients β i , β i ∼ β 
This relation allows one to set a hierarchy of contributions in order of the "large value of β 0 " (β 0 = 11(9) at n f = 0(3)) [8] . Of course, relation (5.7) should be broken at some large enough order of expansion i 0 in virtue of expected Lipatov like asymptotics for the β-function β i ∼ (i!)β i+1 0 . Therefore, this hierarchy has a restricted field of application that describes the term "practical approach" in the title of [8] .
For this hierarchy the most important terms are of an order of (β 0 a s ) n /β 0 in order n -underlined below in Eq. (5.8). For illustration we shall use the R NS (s)-ratio taking into account the result (5.5) for D and relations in Eq. (4.19)
The terms next in importance are suppressed by β −1 0 in this order; (β 0 a s ) n /β 2 0 , they are double-underlined in (5.8c,5.8e,5.8f), and so on. Following the hierarchy one fixes the values of ∆ 1 , ∆ 2 , . . . consequently nullifying at first the most important (1-underlined) β-terms in every order. After that the procedure repeated with the less important terms (double underlined) in all orders, etc. This procedure was called sequential BLM (seBLM) and its result was presented in detail in Sec. 6 of [8] (see Eqs. (6.7,6.8) there). The discussed hierarchy can also be used for generalization of the NNA approximation, see Appendix C in [50] .
The above invented hierarchy ignores a possible difference of values of the elements d n [. . .] tacitly suggesting that they are of the same order of magnitude. Of course, one can abandon the suggestion of the hierarchy, and to remove all the β-terms in one mold consequently order by order. This approach leads to other values of ∆ i =∆ i :
(5.9a)
which differ by the underlined "suppressed in the 1/β 0 " terms from the previous ones in [8] . The complete form for ∆ 2 looks cumbersome and it is outlined in Appendix D. The procedure like this was called PMC later on [3] , though for both the cases, seBLM and corrected PMC, the final PT series has the same "conformal terms" d n [0] as the coefficients of new expansion. The new normalization scale s ′ follows from Eq. (5.2), taking into account certain expressions for ∆ i in (5.9),
The formulae, Eqs.(5.9) and Eqs.(5.10), consist of the main results of these subsections.
Numerical estimates, discussion of PMC/seBLM results
Here we apply the results of the procedure accumulated in Eqs. (5.8,5.9,5.10) for the numerical estimates of the expansion coefficients for a few processes starting with the nonsinglet part R NS of the R e + e − (s)-ratio. The corresponding singlet part R S can be optimized independently; moreover it is not very important numerically. For the sake of illustration, we put the value n f = 3 for all estimates below. At the very beginning we have the following numerical structure of r i , 
; so the region of applicability of PT is shifted far from the scale of a few GeV 2 . While the value of |c It is instructive to compare this result with one from seBLM (Sec. 5 2), where we remove the first 2 terms in (5.15b) converting them into the normalization scale and holding the last two terms in c that looks moderate but is not optimal yet in the sense of series convergence. Both aforementioned examples demonstrate better convergence at the first BLM step, but fail for the optimization of PT at the second PMC step. The reason is the different sign of the terms of r n (c n ), see the discussion in Sec.6-7 in [8] . It is clear that one should not remove and absorb all the β-terms for the PT-optimization but leave a part of them for complete cancellation with the d n [0]-term. We shall treat the circumstances in this way in the next section.
OPTIMIZATION OF THE GENERALIZED BLM PROCEDURE
Indeed, it is not mandatory to absorb all the β-terms as a whole into the new scale ∆ 1 (∆ i ) following BLM/PMC, but take instead only those parts of it that are appropriate for optimization (nullification) of the current order coefficient r 3 (r i+2 ). At the same time, one should care for the size of the ∆ i -PT coefficients for the shift of scale ∆ in (5.2) -not to violate just this expansion.
Let us consider the optimization of R NS at the second BLM step starting with the first step expressions in Eqs.(5.12) and using the general results in (5.8c,5.8e,5.8d). This expression for r ′′ 3 can be rewritten as
The optimization requirement, e.g., r 
Numerical calculation at n f = 4 gives the estimates for the values of the quantities in Eqs.(6.2),
One may conclude that the PT expansion 
5a)
The new "optimized scale" behaviour of factor exp [−∆] is illustrated in Fig. 1 (Right) by solid (red) line, while the broken (blue) line there corresponds to the condition c 
CONCLUSION
We have considered the general structure of perturbation expansion of renormalization group invariant quantities in MS-schemes to clarify the effects of charge renormalization and the conformal symmetry breakdown. Following the line started in [8] we arrived at the matrix representation for this expansion, named the {β}-expansion [9] , instead of the standard perturbation series. We discussed in great detail the unambiguity of this representation for Adler D NS -function (or related R e + e − -ratio) and for the Bjorken polarized sum rule S Based on the {β}-expansion we constructed renormalization group transformation for the perturbation series of the considered quantities, Eqs.(5.3) in Sec.5. The initial expansion was split into two parts: A new series for the expansion coefficients, while the other one -for the shift of the normalization scale of the coupling α s . The contributions from each order can be balanced between these two series. Different procedures of the PT optimization, including PMC [4, 5] , and seBLM [8] , were discussed and illustrated by numerical estimates. We conclude that the corrected PMC does not provide better PT series convergence and suggest our own scheme of the series optimization in order of O(α For the SU c (N)-color-group with fundamental fermions the invariants read:
The D NS -function evaluated in [25] Here we present for completeness the results of (4.8,4.10) for its "natural form" changing only the normalization factors [9] , which correspond to the coupling 
